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vn ' 1 Introduction 



We use the standard notions of subharmonic function theory [1]. Let us introduce 
some notation. Let U{E,t) = {C G C : dist (C, ^) < t}, £^ C C, t > 0, where 

dist {z,E) = inf i^^E \z — C\^ and U{z,t) = U{{z},t) for z G C. The class of sub- 
harmonic functions in a domain G C C is denoted by SH(G). For a subharmonic 
function u £ SH(C/(0, i?)), < i? < +cxd we write B{r,u) = max{n(z) : \z\ = r}, 
< r < i?, and define the order p[u\ by 
p [u] = lim sup log B{r,u)/ log r if R = oo and by a [u] = lim sup log B{r,u)/ log -^^ 

> ■ if i? < OO. 

Let also pu denote the Riesz measure associated with the subharmonic func- 



QQ , tion u, n{r, u) = pu{U{0, r)), m be the planar Lebesgue measure, / be the Lebesgue 

O I measure on the positive ray. For an analytic function / in B we write Zj = {z G 

t~^ ■ B : f{z) = 0}. The symbol C(-) with indices stands for some positive constants 

^ , depending only on values in the brackets. We write a x 6 if Cia < b < C2a for 

Q I some positive constants Ci and C2, and a{r) ~ b{r) if limr^R a{r)/b{r) = 1. 

An important result was proved by R. S. Yulmukhametov [2]. For any function 

u G SH(C) of order p G (0, +00), and a > p there exist an entire function f and 

a set En C C such that 



|ii(z) -log |/(2;)|| < C(a) log Iz], z ^ 00, z £^„, (1.1) 

and Ea can he covered by a family of disks U{zj,tj), j G N, with J2\z\>R^j ~ 
0{RP'''), {R^ +00). 

If n G SH(B) a counterpart of (1.1) holds with log ^\t instead of log \z\ and 
an apropriate choice of Ea ■ 

From the recent result of Yu. Lyubarskii and Eu. Malinnikova [3] it follows that 
for Li approximation relative to planar measure, we may drop the assumption 
that u has finite order of growth, and obtain sharp estimates. 



Theorem A ([3]). Let u £ SH(C). Then, for each q > 1/2, there exist Rq > 
and an entire function f such that 

-^ J \u{z)-log\fiz)\\dm{z)<qlogR, R > Rq. (1.2) 

\z\<R 

An example constructed in [3] shows that we cannot take q < 1/2 in estimate 
(1.2). The case q = 1/2 remains open. 

The following theorem complements this result. 

Let <& be the class of slowly growing functions ^p: [1, +cx)) -^ (l,+oo) (in 
particular, -0(2?") ~ ip^r) as r ^ +oo). 

Theorem B ([4]). Let u G SH(C), /x = /i^. If for some ip £ ^ there exists a 
constant Ri satisfying the condition 

(Vi? > i?i) : ii{{z : R<\z\< R^{R)}) > 1, (1.3) 

then there exists an entire function f such that {R'> Ri) 

\u{z)- log \f{z)\\dm{z) =0{R^logi;{R)). (1.4) 



Remark 1.1. In the case ^p{r) = q > 1 we obtain Theorem 1 [3]. 

The following example and Theorem C show (see [4] for details) that estimate 
(1.4) is sharp in the class of subharmonic functions satisfying (1.3). 

For f e^, let 

u{z) =u^{z) = -Y^ log| 1 - — 

fc=l '^ 

where r^ = 2, r^+i = r^^irk), k £ NU{0}. Thus, flu satisfies condition (1.3) with 
V'(x) = ip^{x). 

Theorem C. Let ip G ^ be such that il}{r) -^ +oo (r -^ +oo). There exists no 
entire function f for which 



\ujp{z) —log\f{z)\\dm{z) = o{R logV'(^)), R^oo. 

\z\<R 

A further question appears naturally: Are there counterparts of Theorems A 
and B for subharmonic functions in the unit disk? We have the following theorem. 



Theorem 1. Let u G SH(B). There exist an absolute constant C and an analytic 
function f in B such that 

\u{z) - log\ f {z)\\ dm{z) <C. (1.5) 



D 



For a measurable set .B C [0, 1) we define the density 

Rn i-R 

Corollary 1. Let u G SH(D), e > 0. There exist an analytic function f inB) and 
E C [0, 1), ViE < e, such that 



I \u{re'^)-\og\f{re'^)\\de = o(-^), r\\,r^E. (1.6) 

Jo VI — r/ 





Relationship (1.6) is equivalent to the condition 

T{r,u) - T(r, log I/I) = 0((1 - r)-i), r j l,r i?, 

where T{r,v) is the Nevanlinna characteristic of a subharmonic function v. The 

author does not know whether (1.6) is best possible. 

Remark 1.2. No restriction on the Riesz measure /x^ or the growth of u is required 

in Theorem 1. 

Remark 1.3. It is clear that (1.5) is sharp in the class SH(D), but under growth 

restrictions can be improved. 

Theorem D (Hirnyk [5]). Let u G SH(D), a[u] < +oo. Tien there exists an 
analytic function f in D such that 



\u{re'^) -log\f{re'^)\\d9 = o(log^ -^Y r] 1. 



Theorem 1 does not allow the conclusion that 

u{z)-log\f{z)\=0{l), zeB\E (1.7) 

for any "small" set E. 

Sufficient conditions for (1.7) in the complex plane were obtained in [3]. It 
uses so called notion of a locally regular measure which admits a partition of slow 
variation. 

We also prove a counterpart of Theorem 3' of [3] using a similar concept. 
A corresponding Theorem 3 will be formulated in section 3. Here we formulate 
an application of Theorem 3. 



Theorem 2. Let 7j = {z = Zj{t) : t G [0,1]), 1 < j < m be smooth Jordan 
curves in U{0,1) such that avgZj{t) = ej{\zj{t)\) = Ojir), \zj{l)\ = 1, |6''(r)| < K 



for ro < r < 1 and some constants r^ £ (0, 1), i^ > 0, 1 < j < m. Let u G SH{I 
suppnu C UJLihj], f^uihj] n [7^]) = 0, j / k, and 

A, 



yUj, 



^3 



N<^*°'^»=(1 -.)"<.•)• 



where Aj is a positive constant, a{r) = p(y^), p{R) is a proximate order [7], 
p{R) ^ a > as R ^ +00. 

Then there exists an analytic function f such that for all e > 

log\f{z)\-u{z)=0{l), (1.8) 

z^ Ee = {CeO: dist(C, Zf) < e(l - |C|)^+''^''H, where 

log\f{z)\-uiz)<C, (1.9) 

for some C > and all z gD. Moreover, 

ZfC U U{C,2{l-\C\)'^^^% 

C6U,[7.] 

and 

T{r,u)-T{rj)=0{l), r ] I. (1.10) 

Remark 1.4- Obviously, we can't obtain a lower estimate for the left-hand side of 
(1.9) for all z, because it equals —00 on Zf. 

Theorems similar to Theorem 2 are proved in [6, Ch.lO,Th.l0.16,10.20]. The 
difference is that in [6] only more crude estimates are obtained for approximation 
in a more general settings. 

2 Proof of Theorem 1 

2.1. Preliminaries 

Let u G SH(D). Then the Riesz measure /i„ is finite on compact subsets of D. 
In order to apply a partition theorem (Theorem E) we have to modify the Riesz 
measure. On subtracting an integer-valued discrete measure Jl from pu we may 
arrange that ^{{p}) = {pu — A)({p}) < 1 for any point p G O. The measure 
jl corresponds to the zeros of an entire function g. Thus we can consider u = 
u — log \g\, pu = v. According to Lemma 1 [4] in any neighbourhood of the origin 
there exists a point zq with the following properties: 



a) on each line L^, going through zq there is at most one point Ca such that 
i/({Ca}) > 0, while v{L^ \ {Ca}) = 0; 

b) on each circle Kp with center zq there exists at most one point C,p such that 
v{{Cp}) > 0, while iy{Kp \ {(p}) = 0. 

As it follows from the proof of Lemma 1 [4], the set of points zq that do not 
satisfy one of the conditions a) and b) has planar measure zero. The similar asser- 
tion holds for the polar set u{zo) = — oo [1, Chap. 5. 9, Theorem 5.32]. Therefore, 
we can assume that properties a), b) hold, and u{zo) ^ — oo. 

Then consider the subharmonic function uq^z) = u[ fz^ ) = '^{w{z)), no(0) = 

u{zq). Since |if'(-2)| = ttz}^^, we have ||ty'(^)| — 1| < 3|zo| for \zq\ < 1/2. 

The Jacobian of the transformation ■w{z) is |ti;'(z)p, consequently this change 
of variables doesn't change relation (1.5). 

Let 



U3{z)= / log\z-C\dfiu{C)- (2.1) 

Ju{0,l/2) 

The subharmonic function u{z) — us^z) is harmonic in [7(0, 1/2). 
Let q £ (0, 1) be such that 

12 

Y^q'yll. (2.2) 

We define (n G {0, 1, . . . }) 

Rn = l- g"/2, An = {C:Rn< Id < ^n+l}, M„ = M„((?) 

r , 27rm 27r(m + 1) 1 
An,m = |C e ^n : -jf- < argg C < —^ -\, < m < M„ 



r 2^ 1 


Lg^\ 



Represent ;U„ 



(i) ^^ 



fJ-n,m + Atn,rn SUCh that 



i) supp;u}//m C An,m, j G {1,2}; 
Let 

Mn-l 



f^n ~ / _, /^?i,m; A* ~ / ^ f'n i J ^ i-'^J^j. 



m=0 



Property ii) implies 



13 



{l-q){l-Rn) 
as follows from the asymptotic equality 



n -^ +00, 



log- 



R 



n+l 



R„ 



{l-q){l- Rn), n^+00, 



and the definition of M„. 
Let 



U2{z) = / lo: 



E 



1-ICP 



1 



dfi^'Hc), 



(2.3) 



(2.4) 



(2.5) 



1-Cz 

where E{w,p) = {\ — w) expjit; + nP' /2 + • • • + w^/p}, p G N is the Weierstrass 
primary factor. 

Lemma 1. n2 G SH{I]>), and 

T{r,U2)=o(log^-^), r]l, f \u2{z)\dm{z) < Ci{q). 



Proof of Lemma 1. The following estimates for log\E{w,p)\ are well-known (cf. 
[7, Ch.l, §4, Lemma 2], [1, Ch.4.1, Lemma 4.2]) 



log ^(u;, 1)1 < 



\w\ 



\w\ < 1, 



2(1 -H)' 
log|^(w, 1)1 < 6e|u;p, w e C. 



(2.6) 



First, we prove convergence of the integral in (2.5). For fixed Rn let \z\ < Rn- We 
choose p such that q^ < 1/4. Then for \C\ > Rn+p we have 

1-ICP ^ 2(1 -Id) ^ J{l-Rn+p) 1 

\1-Cz\ ~ 1- \z\ ~ l-Rn 2' 

Hence, using the first estimate (2.6), (2.3) and the definition of Rn we obtain 



>-l^(^. 

00 



df^^'Ho < 



< 



K\>Rn+p 

52 



(?M)^,..(C) 



< 



(1-kl 






A;=n+p 



fc=n+p 



52(1 - R^ 



n+p) 



C2{q) 

(1- (7)2(1 -|z|)2 -- l-Rn 



< 



Thus, U2 is represented by the integral of the subharmonic function log \E\ of z, 
and the integral converges uniformly on compact subsets in D, and so U2 G SH(I])). 
Since 1 - |Cp < 3/4 for C G supp/i^^), using (2.6) and (2.3) we have 



1^2(0)1 < / |iog|i5;(i-|cP,i)||V^(C)< / 2{i-\cffdf,^^\c)< 

Jn Jo 

< 8 j; /_ (1 - Klfdf^^'HC) < Y^ E(l - ^^) = ^3(9). (2.7) 



fc=0"'^fe ■^ fc=0 

dcf 1 p27r 



Let US estimate T{r, U2) = 2^ Jq^ U2{re) dO for r < Rn, where u^ = maxju, 0}. 
Note that for |C| < Rn+2, \A < Rn we have jj^ < 2. Thus 



log 



E 



1-ICP 

1-Cz 



1] 



< vie 



1-ICP 
|i-C^I 



in this case. Using the latter estimate, (2.6), (2.3), and the lemma [10, Ch.5.10, 
p. 226] we get 



„27r /"+! 



T{r,U2) < 



1-lCP 



,(2)/ 



1 />27r /"+i ^ 1 



^A:=0' 



Cre*' 



+ 



27r 



2n 



E 

fc=n+2 



6eil^lJXd^f(C))d^< 



Afc 



|1 — ^re' 



i0|2 "-^fc 



a-m^„..,o,. 



.n+1 °° 1 P \ 

<c,(,)(j:i„g^+ E ^) 



k=n-h2 



< Ceiq)nlog-^< Criq) log^-^. 
1 — r 1 — r 

Finally, by the First main theorem for subharmonic functions [1, Ch. 3.9] 

2tt 



m{r,U2) = — / U2 (re* )d6 
2vr Jo 



T{r,U2) 



n{t,U2) 



dt-U2iO)<T{r,U2)+C3iq). 



r2iT 



Therefore, f^^ \u2ire'^)\de < 4TrT{r,U2) + Csiq). 



Consequently, 



/ \u2{z)\dm{z)<4TT T{r,U2)dr + Csiq)< 

J\z\<l Jo 



<C<,{q) I log2-^(ir<Cio(g). 
Jo i — r 

Lemma 1 is proved. D 

2.2. Approximation of jii 

The following theorem plays a key role in approximation of u. 

Theorem E. Let n be a measure in M^ with compact support, supp /i C H, and 
/i(n) G N, where li is a rectangle with ratio of side lengths Iq > ^- Suppose, in 
addition, that for any hne L parallel to a side of 11, there is at most one point 
p G L such that 

< /i({p})(< 1) while always /x(L \ {p}) = 0, (2.8) 

Then there exist a system of rectangles 11^ C 11 with sides parallel to the sides of 
n, and measures ^^ with the following properties: 

1) supp^Ufc C Ilfc; 

2) /ife(nfc) = 1, Efc/^fe = ^; 

3) the interiors of the convex hulls of the supports of ^k are pairwise disjoint; 

4) the ratio of the side lengths of rectangles Ilk lies in the interval [l/l, I], where 
I = max{/o)3}; 

5) each point of the plane belongs to the interiors of at most 4 rectangles Uk- 

Theorem E was proved by R. S. Yuhnukhametov [2, Theorem 1] for absolutely 
continuous measures (i.e. u such that rn{E) = ^ ^(-^) = 0) and ^o = 1- In this 
case condition (2.8) is fulfilled automatically. In [8, Theorem 2.1] D. Drasin showed 
that Yulmukhametov's proof works if the condition of continuity is replaced by 
condition (2.8). We can drop condition (2.8) rotating the initial square [8]. One 
can also consider Theorem E as a formal consequence of Theorem 3 [4] . Here Iq 
plays role for a finite set of rectangles corresponding to small k's, but in [4] it 
plays the principal role in the proof. 

Remark 2.1. In the proof of Theorem E [8] rectangles 11^ are obtained by splitting 
the given rectangles, starting with 11, into smaller rectangles in the following way. 
The length of the smaller side of the initial rectangle coincides with that of a side 
of the rectangle obtained in the first generation, and the length of the other side 
of the new rectangle is between one third and two thirds of the length of the other 
side of the initial rectangle. Thus we can start with a rectangle instead of a square 
and / = max{/o, 3}. 



Let ui{z) = u{z)-U2{z)-Us{z). Then Hm = fi^^\ ^n,m(vln,m) G 2Z+, n G Z+, 
< m < M„ - 1. 
Let 



P. 



log Ar, 



( IT-, IT-, ZTrm 

zjs = o- + «t : logi?„ < 0- < logi?„+i,— — < t < 



27r(m + 1) 



According to (2.4) the ratio of the sides of Pn,m is 



lot 



Rn,-{ 



Rn 



WlnrJf 



n -^ cx). 



(2.9) 



(l-g)(l-R„)J 



Let df„,m(s) = d/Un,m(e''), s G -Pn,m, (i- e. Un,m{S) = ,Un,rn(expS') for every 
Borel set S C C). By our assumptions the conditions of Theorem E are satisfied for 
n = Pn,m and /U = Vn,m/'^, and all admissible n,m. By Theorem E there exists a 
system {Pnkm, ^nmk) of rcctanglcs and measures, k < Nnm, < m < M„ — 1 with 

the properties: 1) Vnm.k{Pnnik) = 1; 2) SUppZV„^fe C Pnmk; 3) 2Yjk^n7nk = Vn,m; 

4) every point s such that Res < 0, < Ims < 27r belongs to the interiors of at 
most four rectangles Pnmk', 5) the ratio of the side lengths lies between two positive 
constants. Indexing the new system {Pnmk^'^^nmk) with the natural numbers, we 
obtain a system (pW,i/W) with jyW(pW) = 2, suppj^(') C P^'^ etc. 

Let the measure jjr' defined on D be such that dfi^''' {e"^) = di'^'''{s), Res < 0, 
< Ims < 27r, Q^') = expPW. Let 







def 1 



Cd;u«(C) 



qw 



be the center of mass of Q''\ I G N. 

We define Q , C/ as solutions of the system 



(2.10) 



c« + cP 



iciy + icP? 



Cdfi^'KO, 



Q(0 



C^rf^^CC), 



qw 



(2.11) 



From (2.11) and (2.10) it follows that (see [3], [4] or Lemma 3 below) 



|C/^')-Cz|<diamQ«^d,, JG{1,2}. 



Consequently we obtain 



max \C - C/^^I < 2di, j £ {1, 2}, sup |C - 01 < di- 



(2.12) 



We write 



Mz)= J (log 



z-C 
1-zC 


1, ^-ci'' 


-^log 


z-CP 



V')(C), 



y(z)^=^*^AKz). 



Fix a sufficiently large m (in particular, m > 13) and z G Am- Let >C"'" be the 
set of Vs such that Q^') C ?7(0, i^^-is), and £" the set of Vs with Q^'^ C {C : 
Rm+13 < Id < 1}, >C0 = N \ (£- U £+). 

Lemma 2. T/iere erisfo /* G N smc/i i/iai Ci, C2 G U{Q^^\2di), / G £+ U £~, 
^ > /* imply 

4k-C2|<k-Cil<i6|z-C2|. 

lb 

Proof of Lemma 2. First, let ^ G >C"'", i.e. z G ^m, Q C Ap, p < m — 13. In view 
of (2.9) Q^^' = expP(') is "almost a square". More precisely, there exists T G N 
such that for all I > I* 

diamQ^^^ = di<^{Rp+i-Rp), Q^^'^ CA^. 



Since Ci, C2 e U{Q'^^\ 2di), we have 

Rp — 3(i?p+i — Rp) < IC2I < Rp+i + 3(i?p+i — Rp), 

15 

\z - Cil >\z- C2I - IC2 - Cil >\z- C2I - 5d/ > 1^ - C2I - —{Rp+i - Rp). 



(2.13) 
(2.14) 



On the other hand, by the choice of q (see (2.2)) and (2.13) 

k — C2I > Rm — Rp+l > Rp+13 — Rp+1 — 3(i?p+i — Rp) = 

12 
3(-Rp+i — Rp) = {/_^ Q^ ~ 3) {Rp+i — Rp) > 8(i?p+i — Rp) 



12 



7 ^{Rp+s+i - Rp+s) 

s=l 



s=l 



The latter inequality and (2.14) yield 

15 15 1 

\z - Cil >\z- C2I - yl-Rp+i - -Rp) > k - C2I - Y^l^ - C2I = Y^\z - C2|- 



10 



For I ^ C , Q^^> C {i?m+i3 < Id < 1} we have p > m + 1?>, and inequality 
(2.14) still holds. 

Similarly, by the choice of q and (2.13) 

\z — C2I > -Rp-3 — Rm+l > Rp-3 — Rp~l2 > 9g (-Rp+1 — Rp) > 8(i?p+i — i?p), 

that together with (2.14) implies required inequality in this case. Lemma 2 is 
proved. D 

LetZ G£"U/:+.ForCG Q('\ we define L(C) = ^KC) = log (^), where log ti; 
is an arbitrary branch of Logtt) in w{Q^^'), w{C) = j^§7- Then L{() is analytic in 
Q^^' . We shall use the following identities 

C C 

L(C) - L(cf )) = I L'{s)ds = L'{ci\c - Ci'^) + I L"{s){C -s)ds = 



.(l)^ 






(1) 



.(1) 



c 



L'iCr)iC-Cn + \L"ici'^)iC-Ci'^f + l I L"'is)iC-sfds. (2.15) 



Q 



(1) 



Elementary geometric arguments show that || — CI ^ < k — CI ^ for z, C G I^- 



Since L'(C) = 737 + irrf?; we have 

|L'(C)l<rr^, |i."(C)l<^^, |i'"(C)l< ^ 



IC-^I 



ic-^r 



IC-^I' 



(2.16) 



Now we estimate |A/(2;)| for I G £+ U £ . By the definitions of L(C), ^liz), 
(2.15) and (2.11) we have 



|AK^)| =1 Re J (l(C) - HC!'^) - ^(L(CP) - L(cf ))) rfA*«(C) 

) 

Re/(L'(C,")(C-5(Cr+Cf')) + 



0(0 



Q« 



+ 



1 f^' 



(2) 



(2) 



Re 



^^ L"{s){C - s)ds --j^^^ L"{s){Cr - ^)ds) rf/x^'HO 
^^^ L"(s)(C - s)d. - - / '^ L"(.)(CP - s)d.) ci/x«(C)| (2.17) 



Q« 



11 



Using (2.17), (2.16) and (2.12), we obtain 



^- . . - ^'- -.,(2) 



iA,(.)i . j J 3^_^|., V"(c).i / / ^^<mo . 

<12d?max^ -^, (2.18) 



< 



where i?; = U{Q^^\2di). Applying Lemma 2, we have {z G A^) 

<4Cn/ P%<C^-t ^^^13(.). (2.19) 

Similarly, 

y |AK.)| < 12 y d^max^-^ < 4Cn y / ^^ < 

< Ci2 / ^^ < Ci4((7) log :^ ^. (2.20) 

Hence, 

/ y |A,(z)|dm(z)<Ci5((7). (2.21) 

It remains to estimate J|2|<^ l^ig/;o I^K-^)! dm{z). Here we follow the argu- 
ments from [3, e.-g.]. If dist {z, g(')) > lOd;, similarly to (2.17), from (2.15), (2.11), 



12 



(2.16) and (2.12) we deduce 



|A,(z) 



Re/(L'(c«)(c4(C;^^ + cP)) + 



^ii(A'^)\ 



.'J^(e-^^^^^^^.cl\r.cf>-K>H 



(2) 

+\ [l L"'{s){C - sfds - \ [l L'"(.)(Cp) - s)'ds) d^(0(C) 



7' 



A2) 



c c; 

Re / (i I L"'{s){C-sfds-\ I L"'{s){C-srds]dfi''>{0 



,(0, 



< 



QW ^(1) 



C, 



(1) 



< 6di max 



1 



< 



6df 



sGBi \s — Z\ 



IC,'"-. 



— max ( 1 + 

3 seB, 



^(1) 



|Cr^-s|\3 26df 



\s — z\ 



< 



\Ci''-z\^ 



(2.22) 



Since Cq depends only on m when z £ Am, we have 
fY.\Mz)\dm{z)<Y,( I + 



< 



lec" 

E 



«e£0 ^- 



2Qdf 



>(i) 



>(i) 



Ai(z)|(im(z) < 

AmXUiCl'' ,Wdi) UiCl'^lOdi) 

Ai{z)\ dm{z)) . (2.23) 



A™\;7(d'',iodO 



1^ '5/1 



!7(d'\lOdO 



For the first sum we obtain 



1 , . ^ v^ . f'^ tdt 
7r^dm{z) < } 527rdf / -^ < 

A™W(cP^lOd^) |z - Q T ^0 JlOdi t 



<67rJ]d2<Ci6 j;m(Q«). 
lec" lec^^ 

We now estimate the second sum. By the definition of A;(z 



(2.24) 



A/(z)=/ (log 



^-C 



lOd/ 



— loe 
2 ^ 



^-c 



(1) 



lOd/ 



^log 



^-c 



(2) 



lOd/ 



d^«(C)- 



Q(0 



log 1 1 - <| - ^ log 1 1 - </'^ I - ^ log 1 1 - <;^^ I ) d^^'^ (C) = /l + /2. 



(2)|^W„(0/ 



The integral / |/i| dm{z) is estimated in [3, g.], [4, p. 232]. We have 

\h\dm{z) <Cnm{Q^^^). 
U{&\wdi) 



(2.25) 
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To estimate II2I we note that for I sufficiently large, |-z — CI ^ 15ii/, C ^ 
U{Q^^\2di), z G D we have | argz — arg^l < IMi < f6(l — |z|)| by the choice of 
q. Hence, 

1^ - CI < A - 1 + 1 - ICI + Kill - e^^^'-s^-^^s^^l < Ciril - \z\). 

Thus, |l/z - CI xl - |z|. Therefore 



h < , 

' ■^ I — I o 



1^ l^-CT 



log- 



1 -A^h\i-A^h 

z ^l Wz Hi 



dfi^^\C) <C 



18- 



Thus, 

[ ^^^ |l2|dm(z)<Ci9(g)m(Q«). (2.26) 

Finnaly, using (2.24)-(2.26) we deduce 

/ j;|A,(z)|dm(z)< 

< C20 Y. "^(Q^'^) ^ 47rC2o(ii^+i3 - Rl-u) < C2i{q){R^+i - R^). 
Hence, Ji^k^ Yliec^ \^liz)\dm{z) < 6*20(9), and this with (2.21) yields that 

\V{z)\dm{z) < C22{q),n^ +00. (2.27) 



'\z\<Rn 

Now we construct the function /i approximating ui. 

Let iv:n(z) = ui{z) - I]q(Oc i/(o,-R„) ^'(^)' -^(^) = ^i(^) ~ ^(^)- ^y ^'^^ ^^^" 



nition of Az(z), K„ G SH(B) and 



where (5(C) is the unit mass supported at u = 0. For |2;| < i?„, j > A^ > n + 14 as 
in (2.19) we have 

\K,{z) - K{z)\ < J2 \M^)\< 

Q(Oc{|C|>i?iv+i} 

f dm{z) I - Rn+1 
< <--23 / 1 TTo < L/2475 r-r ^0, iV ^ +00. 

^i?iv+i<ici<i l^-Cr i?iv+i-|z| 

Therefore Kn{z) ^ K{z) on the compact sets in D as n ^ +00, and ^k 
^;((5(z — C; ) + 5{z — Q ). Hence, K{z) = log |/i(2)|, where /i is analytic in 

14 



2.3. Approximation of U3 

Let U3 be defined by (2.1), 

iV = 2 [n(l/2, U3)/2] , po = inf{r > : n{r, U3) > N}. 
We represent /i„3 = ^j} + ^x^ where [j} and /i^ are measures such that 



supp/i^ C t/(0,po), supp/i^ C [/(o, -) \ t/(0,po), 
/(t/(0,i))=iV, 0<^^((/(0,i))<2. 

Let f2(^;) = / log \z — C\ dfj?{C). Then, using the last estimate, 

t/(o,i) 

\v2{z)\ dm{z) < / \log\z-C\\dm{z)dn'^{C)< 

O (7(0,1/2) D 

< y J \log\z-C\\dm{z)diJ.\C)<C25n(^^,V2) <2C25. 

U{0,l/2) t/(C,2) 

If A^ = there remains nothing to prove. Otherwise, we have to approximate 

vi{z) = U3{z) - V2{z) = J log\z-C\dfi\C). (2.28) 

U(0,po) 

In this connection we recall the question of Sodin (Question 2 in [9, p. 315]). 

Given a Borel measure // we define the logarithmic potential of /U by the 
equality 

U^{z)= [\og\z-C\dfi{C). 



Question. Let ^ he a probability measure supported by the square Q = {z = 
X + iy : \x\ < 2,\y\ < 2^' ^^ *^ possible to find a sequence of polynomials Vn, 
degVn = n, such that 

\nU^{z) - log \Vn{z)\\ dxdy = 0(1) (n ^ +cx))? 



kl<i 
|J/I<1 

We should say that the solution is given essentially in [3], but not asserted. 
Hence we prove the following 
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Proposition. Let /j, be a measure supported by the square Q, and fi{Q) 
Then there is an absolute constant C and a polynomial Pn such that 



N eN. 



Ih"' 



'z)-\og\VN{z)\\dxdy<C, 



where r. = {z = x + iy : \x\ < \, \y\ < 1}. 

Proof of the proposition. As in the proof of Theorem 1, if there are points p £ Q 
such that //({p}) > 1 we represent fi = i' + D where for any p G Q we have 
^({p}) < l; ^iid t' is a finite (at most A'' summand) sum of the Dirac measures. 
Then Uc, = logHfc \^ ~ Pk\^ so it remains to approximate U^. By Lemma 2.4 [8] 
there exists a rotation to the system of orthogonal coordinates such that if L is 
any hne parallel to either of the coordinate axes, there is at most one point p G L 
with I'iip}) > 0, while always i^(L \ {p}) = 0. After the rotation the support of 
the new measure, which is still denoted by u, is contained in \/2Q. 

If u; is a probability measure supported on Q, then J/^ \Uaj{z)\dm{z) is uni- 
formly bounded. Therefore we can assume that A^ G 2N. 

By Theorem E there exists a system {Pi,ui) of rectangles and measures 1 < 
/ < M^ with the properties: 1) iyi{Pi) = 2; 2) suppf/ C Pf, 3) J2i ^l — ^! 4) every 
point s £ Q belongs to interiors of at most four rectangles Pf, 5) ratio of side 
lengths lays between 1/3 and 3. 



Let 



6 



^dMO- 



(2.29) 



be the center of mass of P/, 1 < / < M,^. 

We define Q , Q as solutions of the system 



er^+^f^ 



i^i'^f+i^'f 



^dMO, 



edum, 



We have 



\^' 



6|<diamPi = A, iG{l,2}, 



maxIC - ^Pl < 2A, i G {1,2}, sup |^ - 61 < A 



i&Pi 



i&pl 



(2.30) 
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We write 



^(^) = E/(i°g 



z-i 



2l°g|^-^i 



(1) 



- log 
2 ^ 



^-i?^\)dui{i)^ 



I 



(2.31) 



Since we have rotated the system of coordinate, it is sufficient to prove that 
/ r- 1^(^)1 dm{z) is bounded by an absolute constant. 

For S^ ^ Pi, z ^ Pi we define A(^) = A;(^) = log(z — C) , where log(z — C) is an 
arbitrary branch of Log(z — ^) in z — P/. Then A(^) is analytic in P/. 
We have 

|A'"(e)i < ^ 



\i-z\ 



As in subsection 2.2 we have 



\5i{z)\ <\ReJ[x{0 - A(^J')) - ^(A(ef )) - X{4'^)) dui{0 



< 



(2.32) 



< 



R^ l\\ I A"'(s)(e -sfds-^f A'"(s)(e - sf ds ] duiiO 



Pi ^(1) c(l) 



?r 



If dist(z, Pi) > lODi the last estimate and (2.32) yield 



\6iiz)\ < 24P)f max 



1 



< 



24P»? 



G-E; \S — Z\ 



\ei 



(1) 



1^, 



(1) 



— max I 1 + 

13 SSE; V |S — -^1 



(2.33) 



< 



\ei 



103P>f 



where ^/ = C/(Pi,2A). 
Then 



103P»f 



U{Q,^/2)\U(£,'l^\lml) 



i^-e, 



(l)l 



-3- < 

lOD, 



< 2l7rP»f < C2%m{Pi). 
On the other hand, by the definition of 5i{z) 

6i{z)dm,{z) = 



log 



z-i 



lOA 



(7(?<'\lODO 
(1) 



(7(5<'',10A) 



-2 log 



^-e, 



lOA 



- log 
2 ^ 



^-e, 



(2) 



lOA 



dz/KOdm(z) < C27m{Pi). 
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From (2.31) and the latter estimates, it follows that 

/ \n{z)\dm{z) <Y, I 5Kz)dm(z) <C28X]"^(^')<4C28m(\/2Q) = a 

UiO,V2) U{0,V2) 

(2.34) 
Thus, V{z) =Y[ii^~ ^i )(-2^ ~ '^1 ) is a required polynomial. This completes the 
proof of the proposition. D 

Finally, let / = fiV. By Lemma 1, (2.27), and (2.34) we have (n -^ +oo) 



29- 



\log\fiz)\-uiz)\\dmiz)< / i\Kiz)-uiiz)\\ + \u2iz)\ + 

\z\<Rn -JlzlKRn 



+ 1 log \V\ - U3iz)\) dm{z) < / {\V{z)\ + \VL{z)\) dm{z) + doiq) < Csoiq)- 

J\z\<R„ 

Fixing any q satisfying (2.2) we finish the proof of Theorem 1. 

3 Uniform approximation 

In this section we prove some counterparts of results due to Yu.Lyubarskii and 
Eu.Malinnikova [3]. We start with counterparts of notions introduced in [3], which 
reflect regularity properties of measures. 
Definition 1. Let b: [0, 1) -^ (0, +cx)) be such that b{r) < 1 — r, 

6(ri) X 6(r2) as 1 — rixl — r2, ri | 1. (3.1) 

A measure ^ on ID admits a partition of slow variation with the function b if there 
exist integers N, p and sequences (Q*-'^) of subsets of D and {fi^^') of measures 
with the following properties: 

i) supp^uW cQ('),/iW(<3^'^)=p; 

ii) supp (/i - El /«^'^) CB,{fi- E« /"(')) (O) < +00. 

iii) 1 — dist (0, Q'^')) > i^(p) diamQ *•'-', and each z G O belongs to at most N 
various Q^-'^'s; 

iv) For each I the set logQ^'^ is a rectangle with sides parallel to the coordi- 
nate axes, and the ratio of sides lengths lies between two positive constants 
independent of I. 

v) diamQW x 6(dist (g('),0)). 
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Remark 3.1. This is similar to [3], except we have introduced the parameter p 
(p = 2 in [3]). Property iii) is adapted for D. 

Definition 2. Given a function b satisfying (3.1) we say that a measure // is 
locally regular with respect to (w.r.t.) b if 



^(I^IV([/(z,t)) 



dt = 0(1), ro < \z\ < 1, 



for some constant tq G (0, 1). 



Theorem 3. Let u G SH(D), b: [0,1) -^ (0, +oo) satisfy (3.1). Let Hu admits a 
partition of slow variation, assume that fiu is locally regular w.r.t. b, and, with p 
from above, that 

f r ^^? dt <+oo. (3.2) 

Jo i^-ty ^ ' 

Then there exists an analytic function f inJ} such that Ve > 3ri G (0, 1) 

log \f{z)\ - u{z) = 0(1), ri < |z| < 1, z Ee 

where Eir = {z £ 3 : dist{z, Zj) < £b{\z\)}, and for some constant C > 

log\f{z)\-u{z) <C, z£B. (3.3) 

Moreover, Zf C U{supp fiu,Ki{p)b{\z\)), Ki{p) is a positive constant, and 

r(r,n)-r(r,log|/|)=0(l), rjl. (3.4) 

Remark 3.2. The author does not know whether condition (3.2) is necessary. But 
if b{t) = 0((1 - t) \og"'i{l - t), r/ > 0, t T 1 (3.2) holds for sufficiently large p. On 
the other hand, in view of v) the condition b{t) = 0(1 — t) as t j 1 is natural. 

Proof of Theorem 3. We follow [3] and also use arguments and notation from the 
proof of Theorem 1. 



Let jj. = fiu — ^; /U^'^ Since 
ui{z) 



z-C 



1-Cz 



log 



1 as \z\ t 1 for fixed C G IC, /i(ID)) < +oo. 



l-Cz 



dm 



is a subharmonic function in D and |iti(2;)| < C for ri < \z\ < 1, ri G (0, 1). So 
we can assume that /Ju = J2ir where /x*-'^ are from Definition 1. 



19 



Fix a partition of slow variation. Instead of points Q and Q satisfying 



,(0 



(0 



(3.5) 



(2.11) we define ^l , . . . , Q from the system 

Lemma 3 is a modification of the estimates in(2.12). 

Lemma 3. Let II be a set in C, fi is a measure on IT, /i(n) = p £ N, diamll = d. 
Then for any solution (^i, . . . , ^p) of (3.5) we have \S,j —^q\ < Ki{p)d where Ki{p) 
is a constant, ^o is the center of mass ofH. 

Proof of Lemma 3. Let ^o = ^ /n Cdl^-iC) be the center of mass of 11. By induction, 
it is easy to prove that (3.5) is equivalent to the system 



wi+ \-'Wp = Q, 



(3.6) 



<+ 



■ + Wp — Jp, 

where Wk = ^k - ^o, Jk = /n(? - Co)'' d^i^), I < k < p. Note that 

\Jk\< f \C - Col'' dfiiC) < pdK 
Jn 

From algebra it is well-known that the symmetric polynomials 

1 < k < m, can be obtained from the polynomials X^"Li Wj using only finite 
number of operations of addition and multiplication. Therefore (3.6) yields 



wi-\ \-Wp = 0, 

1<J1<J2<P 



^wi---Wp = bp, 
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Jk) 



M 



where bk = J2i aikiJiV^'' • • • {JmY"''^ , aik = aik{p), sL are non-negative integers, 



and X]f=i ^ji J ~ ^- The last equahty follows from homogeneousity. Hence, there 



exists a constant Ki{p) > 2 such that \bk\ < Ki{p)d^ , 1 < A; < p. By Vieta's 
formulas ([11, §§51,52]) Wj, 1 < j < p, satisfy the equation 

yjP + b2wP-^ - bswP-^ + ■■■ + {-Ifbp = 0. 



(3.7) 



For I It; I = Ki{p)d we have 

\wP + 62^1'^"^ - b^w^-"^ + ■■■ + {-lYbp\ < Ki{p){d^\w\P^^ + ••• + #) 



Ki{p)dP{KP~^ + Kf'^ + • • • + 1) < 2KP-\p)dP < Kl{p)dF 



\w\- 



By Rouche's theorem allp roots of (3.7) lay in the disk \w\ < Ki{p)d, i.e. I^^j— Col < 
Ki{p)d. Consequently, dist(Cj,n) < Ki{p)d. D 

Applying Lemma 3 to Q^^' we obtain that |Cj — ^i\ < Ki{p)di, I < j < p, 
where6 = J/Q(oCd/i«(e). 
Consider 



Viz) 



I 



dcf 



E/ (i°g 



z-c 



l-zC 



1 ^ 



^-e, 



(i) 



^-K 



(i) 



(C). 



For Rn = 1 — 2""", z £ Am, m is fixed, we define sets of indices £+, C~ and C^ 
as in the proof of Theorem 1. 

The estimate of Yl Jii^) repeats that of Yl ^li^), so 



lec- 



lec- 



E l^'(^)l ^ ^31- 



(3.8) 



lec- 



Following [3] we estimate Ylii^c^' Jii^). Let bm = b{Rm)- Note that di x bm for 
I £ C^ hy condition v). As in (2.18) we have 



\ji{z)\ < Cs2df 



max 



se(7(Q«,Ki(p)di) 
provided that dist {z,Q^^^) > 3Ki{p)di. Then 



Is — Z| < C32 



df 



|6«-.P^ 



(3.9) 



E 



jliz) 



leco 
Q'^^^nUiz,3Ki{p)di)=0 



< C336. 



< 



C32E 



df 



lep) - .P 



< 



leco i^'i 



|2-C|>C34fe„ 






(3.10) 
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Let now I be such that Q*-'^ n U{z,3Ki{p)di) / 0. Since di x bm, the number of 
these I is bounded uniformly in I. For z -Eg we have (1 < /;: < p) 

log \z - ef ^1 = log&„ + log '^ ^' ' = log6(|z|) + 0(1). (3.11) 

Therefore 



J« 



{z)= f (iog|z-ci--X;iogk-ePi)V'Hc)- 

As in the proof of the proposition (see the estimate of I2), one can show that 
Since |i - C| >i 1 - 1^1 x || - ?J^\ Hence, we have J4 = 0(1). 
Let ^zit) = tJ'{U{z,t)). Further, using (3.11), 

J3= I log\z - C\dfi^'\c) + I log\z-C\dfi^'HC)- 

Q(0\t/(2,6{|2|)) U{z,b(\^\)) 

-plog6(|z|) + 0(l)=^«(Q«\t/(z,6(|z|))log6(|z|) + 0(l)+ 

+ / logtdfi'^Pit) - plogbi\z\) = fi^'HQ^'^ \Uiz,bi\z\))logbi\z\)+ 

Jo 

+0(l)+^«(f/(z,6(|z|))log6(|z|)- / t^dt- 

Jo ^ 

-p\ogb{\z\) = - / ^^dt + 0(l) = 0(l) (3.12) 

Jo ^ 

by the regularity of //« w.r.t b{t). Together with (3.10) it yields 

^ |jz(z)| = 0(1), z^E,. (3.13) 



Now we estimate Y2i£C+ Jii-^)- Integration by parts gives us 



m 1 fC 

L(C)-L(^r^)=j;^L('=)(e;^))(C-er^)'= + ^/^^^L(™+^)(.)(C-^)"^ds, (3.14) 

fe=l 

where L(C) =log^f4, 






^(^^(01 < ^— qf (3.15) 
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(k) 

The definition of Q ,1 < k < p allows us to cancel the first p moments. Therefore, 
similarly to (2.18) and (2.22) we have 

|jKz)| < C28<+' max \s - z\-P-\ (3.16) 

seUiQW,Ki{p)d,) 
Then {z G Am) 

<c3o(iv,p,,) 2. 5^ (i?„)y^^^3^^<c3, J |,_cri ^ 

-""^^ |CI<Rm-12 

/■fim-12 foP-l(p) /■! 6(n)P-l 

< Cs2 / ,1 I ^^ , cip < C33 / jT^dp < +00. 

Jo i\z\ -pr Jo (1-pr 

Using the latter inequality, (3.13) and (3.8) we obtain |V^(^;)| = 0(1) for z E^. 

The construction of / is similar to that of Theorem 1. It remains to prove 
(3.3) for zeEe. 

By (3.10) it is sufficient to consider I with Q(') n U{z,3Ki{p)di) / 0. For all 
sufficiently large I (^ C^ we have 

log|z-C|V'^(C) < / log ^-(i^('HC) < 



,(0/ 



iKi{p)di 4.Ki(p)di 



k-ci 

U{z,4Ki{p)d,) 



< I logld^(0(t)=log^^^^i-^/.(0(4Ki(p)d,)+ I ^dt = 0{l). 



(3.17) 

Then we have 

log \f{z)\ - u{z) = 0(1) + Y, (Elog 1^ - ef ^1 - / (,, log 1^ - C|dM^')(C)) < O, 



ig/;o fe=l 



because \z — Q \ = 0(6(|z|)) < 1 for / > /q and (3.3) is proved. 

Finally, in order to prove (3.4) we note that for z £ E^ in view of (3.8), (3.10), 
(3.17) we have 

m 

log|/(z)|-n(z)=5^1og|z-OI+0(l) 
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where Cj G -^j, and m are uniformly bounded. Then T{r,u — log|/|) is bounded, 
and consequently 

r(r, u) = T{r, log |/|) + T{r, n - log |/|) + 0(1) = T{r, log |/|) + 0(1). 

D 

Proof of Theorem 2. Let fij = fj,u ■ By the assumptions of the theorem we have 

[7j] 

flu = YllLil^j- We can write u = YlJLi^j, where Uj G SH(D), and /i„^ = fij. 
Therefore, it is sufficient to approximate each Uj, 1 < j < m, separately. 

We write /?(r) = (l-r)"^ and VF(i?) = i?/'^^). Then /ij(C/(0,r)) = l\jW{R{r)). 
Put h{t) = (1 - t)/W{R{r)). Then condition (3.2) is satisfied. We are going to 
prove that fXj admits a partition of slow variation and is locally regular w.r.t. h{t). 
We define a sequence (r„) from the relation AjM^(i?(r„)) = 2n, n G N. Then 
using the theorem on the inverse function, and properties of the proximate order 
[7, Ch.l, §12] we have (r' G (rn,r„+i)) 

2(1 - r'f (2 + o{l))R{r'){l - vT 2 + o(l) ^, ,^^^ ^, 

''"+' "■" " ^,W'{R(v')) ~ ^jaW{R(v')) ~ Aja ^^'' ' ^ ^'■"^• 

Let Q(") = {z ■■ rn< \z\ < r„+i,v3~ <0< ip+} where (/?" = 6'j(r„)-K(r„+i-r„), 
V9+ = 6j{rn) + -ftr(r„+i - r„). Since \6'j(t)\ < K, we have 6j{r) G b;^,'/';!:], r„ < 

r < Tn+i. Let /i(") = ^j . Then, by the definition of r„, /i(")(Q(")) = 2. 

Therefore conditions i) and iv) in the definition of a partition of slow growth are 
satisfied. Condition ii) is trivial. Since diamQ*-"-* x &(?'n) ^ {^ — rnY^'^^^"' , cr > 0, 
conditions iii) and v) are valid. Therefore, /j, admits a partition of slow growth 
w.r.t. b, N =p = 2. 

Finally, we check the local regularity of //j w.r.t. b{t). For \z\ = r, p < h{r) we 
have 

Pj{U{z, p)) < A,WiR{r + p)) - A,W{Rir - p)) = W'{R{r*))-^^^ = 



(1 - r*y 



p+„(i)).,,m:n)<^-''^ 



b{r) 



Then Jl;^''^ imMUdp < 3a A,- as required. 

Applying Theorem 3 we obtain (1.8), (1.9), and (1-10) for some analytic func- 
tion fj in ro. 

Finally, we define / = H^i fj- 

The theorem is proved. D 
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